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Polymer quantization is a non-standard representation of the quantum mechanics that was inspired
by loop quantum gravity. To study the associated statistical mechanics, one needs to ﬁnd microstates’ 
energies which are eigenvalues of the Hamiltonian operator in the polymer framework. But, this is not 
an easy task at all since the Hamiltonian takes a nonlinear form in polymer picture. In this paper, we 
introduce a semiclassical method in which it is not necessary to solve the eigenvalue problem. Instead, we 
work with the classical Hamiltonian function and the deformed density of states in the polymeric phase 
space. Implementing this method, we obtain the canonical partition function for the polymerized systems 
and show that our results are in a good agreement with those arising from full quantum considerations. 
Using the partition function, we study the thermodynamics of quantum Schwarzschild black hole and 
obtain corrections to the Bekenstein–Hawking entropy due to loop quantum gravity effects.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Our current understanding of gravity is based on the Einstein 
general theory of relativity. The essential feature of General Rela-
tivity (GR) is that gravity forms the geometry and geometry tells 
the particles how to move in spacetime. In this sense, while GR 
seems to be a purely classical theory, in its most important ap-
plications, say, cosmology and Black Hole (BH) theories, the sys-
tem under consideration essentially obeys the quantum mechani-
cal rules. Quantization of gravity is therefore the main challenge of 
theoretical physics community. In the absence of a full theory of 
quantum gravity (QG), however, there have been a variety of ap-
proaches to the issue; among them is the canonical quantum the-
ory of gravity ﬁrst introduced by De Witt [1]. Also, string theory, 
Loop Quantum Gravity (LQG) and non-commutative geometry, as 
other approaches to QG proposal, have revealed some unknown as-
pects of ultimate QG scenario [2,3]. One common feature of all ap-
proaches to QG proposal is the existence of a minimal measurable 
length (preferably of the order of the Planck length) [4]. In recent 
years, some phenomenological aspects of effective QG candidates 
have been introduced in quantum mechanics through deformation 
of algebraic structure of ordinary quantum mechanics. For instance 
the generalized uncertainty principle [5], and non-commutative ge-
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SCOAP3.ometry [6] are the most well-known deformations that impose the 
ultraviolet and infrared cutoffs for the physical systems [7]. Among 
the models that deal with the idea of the existence of a mini-
mal measurable length scale, the so-called polymer quantization 
of a dynamical system uses a method much similar to the effective 
models of LQG [8,9]. The minimal length scale, here known as the 
polymer length scale, is encoded in the Hamiltonian of the system 
and thus instead of a deformed algebraic structure coming from 
the non-commutative phase space variables, deformation shows 
itself in the Hamiltonian function. With this motivation, polymer 
quantization has attracted some attention in recent years in the 
ﬁelds dealing with the quantum gravitational effects in a physical 
system. Specially, in the spirit of quantum features of cosmolog-
ical models, the polymeric effects provide a modiﬁed Friedmann 
equation which is very similar to the one coming from loop quan-
tization of the model [9–11]. Also, through the lines sketched by 
the polymer quantum mechanics, it is expected that applying the 
polymer quantization approach to the quantum gravitational sys-
tems, including thermodynamics of BHs and other statistical sys-
tems, leads one to some results which may be comparable with 
those obtained from more fundamental LQG and string theories 
(see [12–17] for some investigations of BH thermodynamics in the 
polymer picture).
Indeed, formulation of BH thermodynamics is based on quan-
tum ﬁeld theoretical considerations in the curved spacetime lead-
ing to the well-known result of BH thermal emission through 
Hawking process [18]. The discovery of BH evaporation makes this 
system to be a thermodynamical system and consequently one can  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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chanics considerations. This issue was ﬁrst studied by Bekenstein 
that showed the relation between the horizon area of BH and the 
number of accessible microstates [19]. To implement the standard 
statistical mechanics methods, one needs the Hamiltonian formula-
tion of the BH that is not generally formulated even in the classical 
framework of GR. Nevertheless, it is possible to deﬁne Hamiltonian 
for the some particular cases, such as Schwarzschild BH [20,21]. 
Through this procedure, quantization of the Schwarzschild mass is 
realized which coincides with Bekenstein proposal [19]. Now, poly-
mer quantization provides a new framework to extract all these 
results satisfactorily with the advantage that it contains quantum 
gravity effects from very beginning. Nevertheless, some technical 
diﬃculties arise due to the nonlinear form of the polymeric Hamil-
tonian [9,22]. In this paper, we formulate a semiclassical statistical 
mechanics in polymer framework and show that our results co-
incide with those obtained from full quantum considerations in 
the limit of high temperature. This method is applicable to study 
the thermodynamics of the quantum BHs. The advantage of this 
semiclassical procedure is that it is not necessary to solve the 
Hamiltonian eigenvalue problem. Implementing this method, we 
study the thermodynamics of the quantum Schwarzschild BH in 
polymer framework and we ﬁnd corrections to the Hawking tem-
perature and entropy.
2. Polymer representation of quantum mechanics
Almost all candidates for QG predict that the spacetime, when 
it is considered in the high energy limit, has a discrete struc-
ture. This is due to the existence of natural cutoffs such as the 
minimal measurable length. In ordinary Schrödinger representa-
tion of quantum mechanics, the position and momentum operators 
have continuous spectrum and therefore one can work in position 
or momentum space representations. However, when one consid-
ers the quantum gravitational effects, these representations are no 
longer applicable. For instance, position space representation fails 
to be applicable due to fuzzy nature of spacetime manifold in the 
presence of a minimal measurable length [23]. In other words, ex-
istence of a minimum measurable length of the order of Planck 
length prevents complete resolution of spacetime points, leading 
naturally to generalization of the Heisenberg uncertainty principle 
[5,7].
Polymer quantization provides an alternative framework to 
study the mathematical and physical aspects of the discrete spaces 
[8,9]. In what follows we present a brief review of this issue and 
its semiclassical outcomes.
Suppose an abstract ket |ν〉, labeled by a real number ν , which 
belongs to the non-separable Hilbert space Hpoly. Considering a ﬁ-
nite collections of vectors |νi〉 where νi ∈R and i = 1, 2, ..., N , one 
can construct an appropriate state by taking a linear combination 
of these vectors as
|ψ〉 =
N∑
i=1
ai|νi〉. (1)
After introduction of the abstract Hilbert space of the model, we 
can consider the wave function in this framework. Suppose a sys-
tem with a phase space with coordinates x and conjugate mo-
menta p. In momentum representation, states will be denoted by 
ψ(p) = 〈p|ψ〉 in a non-separable Hilbert space Hpoly as
ψν(p) = 〈p|ν〉 = eiνp/h¯.
One can deﬁne one-parameter family of exponential shift operator 
Vˆ = eiλp/h¯ in the Hilbert space Hpoly which acts on the states asVˆ (λ).ψν(p) = eiλp/h¯eiνp/h¯ = ei(ν+λ)p/h¯ = ψν+λ(p). (2)
The next step is to consider the dynamics of the system in the 
polymer representation which needs the Hamiltonian of the corre-
sponding underlying quantum theory. We start with the classical 
Hamiltonian
H = p
2
2m
+ U (x), (3)
which is a smooth function of the phase space variables x and p. 
The standard method of quantization is to replace the classical 
phase space variables with corresponding operators. In polymer 
representation, however, this argument fails to be applicable, be-
cause the corresponding momentum operator does not exist. The 
main task now is to deﬁne momentum operator and the square 
of the momentum in polymer framework. The standard prescrip-
tion is to deﬁne the lattice γμ0 on the conﬁguration space as 
γμ0 = {x ∈ R|x = nμ0, ∀n ∈ Z}, which ensures the discreteness 
of the position x with discreteness parameter μ0. The states in 
Hilbert space Hγμ0 are given by1 [9]
|ψ〉 =
∑
n
bn|μn〉, (4)
where coeﬃcients bn satisfy 
∑
n |bn|2 < ∞. Since in QG scales the 
space becomes discrete, a natural question then arises: Is it pos-
sible to recover the ordinary Schrödinger representation in low 
energy regime? This problem, known as the continuum limit of 
the theory, is studied in [9,10,24] and it is shown that the theory 
should be formulated in such a way that the standard Schrödinger 
representation is recovered in the limit of small values of the dis-
creteness parameter μ0 → 0. Furthermore, note that since momen-
tum is the generator of translation we should have a momentum 
operator that generates discrete displacement according to the re-
lation (4), such that the results remain in the lattice γμ0 . How can 
we apply this setup to form the momentum operator? This may be 
done by the exponential shift operator Vˆ (μ0) as
Vˆ (μ0)|μn〉 = eiμ0p/h¯eiμn p/h¯ = ei(μ0+μn)p/h¯
= |μn + μ0〉 = |μn+1〉. (5)
So, the momentum operator can be deﬁned by means of the shift 
operator as [8],
pˆμ0 |μn〉 =
h¯
2iμ0
[
Vˆ (μ0) − Vˆ (−μ0)
]|μn〉
= ih¯
2μ0
(|μn+1〉 − |μn−1〉). (6)
To consider the kinetic term in the Hamiltonian (3), one needs the 
squared momentum which can be obtained as [8]
pˆ2μ0 |μn〉 =
h¯2
μ20
[
2− Vˆ (μ0) − Vˆ (−μ0)
]|μn〉
= h¯
2
μ20
(
2|μn〉 − |μn+1〉 − |μn−1〉
)
. (7)
The quantum polymeric Hamiltonian operator can be deduced 
from the classical Hamiltonian (3) through the relation (7) as
Hˆμ0 =
h¯2
2mμ20
[
2− Vˆ (μ0) − Vˆ (−μ0)
]+ Uˆ (x). (8)
1 Hγμ is a separable subspace of the larger non-separable Hilbert space Hpoly.0
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(7) with the exponential function through the relation (2) as 
Vˆ (μ0) → eiμ0p/h¯ , in order to get an approximation for the mo-
mentum and its square [9,10]
pˆ −→ e
îμp − ê−iμp
2iμ
=
̂sin(μp)
μ
, (9)
pˆ2 −→ 1
μ2
(
2− eîμp − ê−iμp)= 2
μ2
[
1− ̂cos(μp)], (10)
where μ = μ0/h¯ and the approximations are reliable for μp 	 1
to recover the standard continuum theory in the limit of small dis-
creteness parameter [9]. By substituting from the relation (10) into 
the relation (8), the polymeric quantum Hamiltonian can be ap-
proximated as
Hμ = 1
mμ2
[
1− ̂cos(μp)]+ Uˆ (x). (11)
The replacements (9) and (10) suggest the idea that a classical 
polymeric theory may be obtained via the process that is dubbed 
usually as Polymerization in literature [25]
P[x] = x, P[p] = sin(μp)
μ
,
P[p2]= 2
μ2
[
1− cos(μp)], (12)
where now (x, p) are the classical phase space variables. Clearly, 
the momenta are bounded as −πμ < p < πμ in the polymer frame-
work. Applying the transformations (12) to the classical Hamilto-
nian (3) gives
Hμ = 1
mμ2
[
1− cos(μp)]+ U (x), (13)
which coincides with Hamiltonian (11) in the semiclassical regime. 
So, a one-parameter μ-dependent classical theory can be obtained 
from the polymerization process without any direct reference to 
the quantum ones. Indeed, in this approach instead of ﬁrst ﬁnd-
ing the quantum solutions in the polymer quantization framework 
based on the Hamiltonian operator (8), one modiﬁes the classi-
cal Hamiltonian (3) according to the polymerization process (12)
to get an effective polymer-deformed Hamiltonian (13) and then 
deals with classical dynamics of the system with this deformed 
Hamiltonian. In the corresponding classical system the discreteness 
parameter μ plays an important role since its existence supports 
the idea that the μ-correction to the classical theory is a signal 
from QG. In this sense, we emphasize that the classical Hamil-
tonian and also the classical equations of motion should be re-
covered in the continuum limit μ → 0. In summary, to study the 
quantum effects in a given classical system there is a simple strat-
egy: one constructs a suitable one parameter family of an effective 
Hamiltonian Hμ with correct continuum limit based on which the 
resulting classical theory shows the quantum effects, with no di-
rect reference to the corresponding quantum theory. This strategy 
seems to work well specially on some cosmological models that 
are treated, for example in [17] and [25], and the resulting equa-
tions of motion are in a good agreement with the one coming from 
the quantization of the system by LQG methods. In the following, 
we will use this strategy to study the thermodynamics of the phys-
ical systems in polymer framework.
3. Polymeric statistical mechanics
Quantum mechanics determines the microstates of the physical 
systems, and all thermodynamical quantities attributed to a given system can be extracted from its statistical properties through the 
quantum partition function
Z =
∑
ε
e−βε, (14)
where ε are the energy eigenvalues of the microstates. In our 
case, these eigenvalues of the polymer-deformed Hamiltonian op-
erator (8) are given by the relation
Hˆμ0 |ψ〉 = ε|ψ〉, (15)
where the corresponding physical states are deﬁned by the rela-
tion (4) on the polymeric Hilbert space Hpoly. In fact, solving the 
eigenvalue problem (15) is not an easy task at all (see for exam-
ple [9,22]). Nevertheless, inspired by the idea of polymerization 
we can seek for an alternative approach to consider the quantum 
effects, that is, to work with the classical Hamiltonian (13) and 
associated density of states in the semiclassical regime. The advan-
tage of this method is that it does not need to solve the eigenvalue 
problem (15) in the polymer picture. Furthermore, we introduce 
the transformation in the polymeric phase space which, as we will 
see, is more understandable from the statistical point of view.
Consider the non-canonical transformation
(x, p) −→
(
X = x, P = 2
μ
sin
(
μp
2
))
, (16)
in the polymeric phase space with Hamiltonian (13). In the trans-
formation (16), (x, p) are the usual canonical phase space variables 
and (X, P ) are the new non-canonical variables that we call them 
polymer variables. From the transformation (16), it is clear that 
the polymer momentum should be bounded as − 2μ < P < 2μ , since 
the canonical momentum is bounded as −πμ < p < πμ in polymer 
phase space. More precisely, the topology of the momentum part 
of the polymer phase space is S1 rather than usual R and there 
is always a maximal momentum for the system under considera-
tion in this framework [9]. This result of the polymeric systems is 
comparable to the predictions of other theories such as the ones 
studied in [26] and [27]. The reason for introducing the transfor-
mation (16) becomes clear if one notes that the effective Hamilto-
nian (13) gets the standard form
Hμ = P
2
2m
+ U (X), (17)
where one adopts the polymer variables (X, P ) and consequently 
all the polymeric effects are summarized in the density of states. 
To obtain the corresponding density of states, one needs to the 
Jacobian of the transformation (16) which is given by [28]
J = ∂(X, P )
∂(x, p)
= cos(μp/2) =
√
1− (μP/2)2. (18)
Having the transformation’s Jacobian, the polymer-deformed den-
sity of states can be obtained as
1
h
∫
|p|< πμ
dxdp −→ 1
h
∫
dXdP
J
= 1
h
∫
|P |< 2μ
dXdP√
1− (μP/2)2 , (19)
where h = 2π h¯ is the Planck constant. As we said before, from 
the relations (17) and (19) it is clear that all the polymeric effects 
are summarized in the density of states when one implements 
the polymer variables (X, P ). The density of states determines the 
number of microstates for the statistical systems and consequently 
the polymeric effects change only the number of accessible mi-
crostates for the statistical system. Also, it is important to note that 
the measure (19) is nonsingular since the momentum is bounded 
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redeﬁnition of the Planck constant as an effective momentum de-
pendent quantity h¯(poly) = h¯√1− (μP/2)2. This result is in some 
sense similar to the results coming from the generalized uncer-
tainty principle and non-commutative phase space as have been 
obtained in [29].
Now one can ﬁnd immediately the polymeric partition function 
from the polymer-modiﬁed states density (19) and the associated 
Hamiltonian function (17) as
Z (poly) = 1
h
∫
exp
[−βU (X)]dX ×
+ 2μ∫
− 2μ
exp[−β P22m ]dP√
1− (μP/2)2 . (20)
For the one-dimensional harmonic oscillator with the potential 
U (X) = 12mω2X2, where m and ω denote the mass and frequency 
respectively, the corresponding partition function can be obtained 
from the relation (20) as
Z (poly) = 1
h¯ωμ
(
2π
mβ
)1/2
I0
[
β
mμ2
]
exp
[
− β
mμ2
]
, (21)
where I0 denotes the ﬁrst kind of the modiﬁed Bessel functions. 
In the limit of the small discreteness parameter, μ → 0, the above 
partition function gives
Z (poly) = (βh¯ω)−1
(
1+ μ
2
8
(
m
β
)
+O[μ4]), (22)
where the ﬁrst term is the usual semiclassical partition function 
for the one-dimensional harmonic oscillator and the second term 
is the polymeric correction.
At this step, it is interesting to compare the result (22) with 
the corresponding result coming from full quantum considerations. 
In quantum picture, one has to solve the eigenvalue problem (15)
when the system under study is a one-dimensional harmonic os-
cillator. The energy eigenvalues for the one-dimensional harmonic 
oscillator in the limit of μ → 0 are obtained in Ref. [22] that are 
given by
εn =
(
n + 1
2
)
h¯ω −
(
2n2 + 2n + 1
32
)
mμ2h¯2ω2. (23)
Substituting the above result into relation (14) gives the quantum 
partition function of the polymeric one dimensional harmonic os-
cillator as [15]
Z (poly) = e
−βh¯ω/2
1− e−βh¯ω
(
1+ 1
32
mμ2h¯2ω2β
(
1+ e−βh¯ω
1− e−βh¯ω
)2
+O[μ4]). (24)
In the limit of high temperature, β → 0, where the semiclassical 
and quantum statistics are going to be equivalent, relation (24) ex-
actly coincides with the relation (22). It is important to note that, 
one should doing some tedious calculation to obtain the result 
(23) (see [22]) and then performing the summation over energy 
eigenvalues (23) in quantum partition function (14) to obtain the 
result (24) which is not an easy task at all (see [15]). However, 
the method we have introduced gives the same results but now in 
a more simpler manner. While the full quantum results preserve 
their importance for the other goals [8,9,22], our method is more 
suitable when one concerns for the statistical considerations of the 
polymeric systems. In the next section, we shall see that the quan-
tum Schwarzschild BH can be modeled with a one-dimensional 
harmonic oscillator and hence, the relation (22) may be used to study its thermodynamical properties in the polymer quantization 
scheme.
4. Thermodynamics of quantum black holes
4.1. Quantization of the Schwarzschild black hole
As a canonical system, a Schwarzschild BH can be described by 
a single canonical pair (m, pm), where m may be identiﬁed with 
its mass. In Ref. [20] it is shown, under some conditions, that the 
numerical value of the Hamiltonian of such a system is equal to its 
mass, that is, H =m. However, there is a canonical transformation 
(again introduced in [20]) from (m, pm) to a new canonical pair 
(a, pa) such that
|pm| =
√
2ma − a2 +m arcsin
(
1− a
m
)
+ π
2
m,
pa = sgn(pm)
√
2ma − a2, (25)
which in terms of the new variables the classical Hamiltonian 
takes the following form
H = p
2
a
2a
+ 1
2
a. (26)
Therefore, according to the canonical quantization formalism, the 
Wheeler–De Witt (WDW) equation for the Schwarzschild BH can 
be written in the form HˆΨ =mΨ , which in ordinary units reads
h¯2G2
c6
a−s−1 d
da
(
as
d
da
Ψ (a)
)
=
(
a − 2GM
c2
)
Ψ (a), (27)
in which we have identiﬁed p2a = − h¯
2G2
c6
a−s dda
(
as dda
)
, where the 
parameter s represents the ambiguity in the ordering of factors a
and pa in the ﬁrst term of the Hamiltonian and Ψ (a) is the BH 
wave function. By setting Rs = 2GMc2 , one gets
h¯2G2
c6
1
a
(
d2
da2
+ 2
a
d
da
)
Ψ (a) = (a − Rs)Ψ (a), (28)
in which we have set s = 2.2 Using the following transformations
Ψ (a) = 1
a
U (a) and y = a − Rs, (29)
and bearing in mind that the energy of excited state associated 
with the variable a is not positive (this can be explained by the 
physical argument that the total energy of the BH is included and 
the ADM energy is equal to zero), the WDW equation takes the 
form(
−1
2
l2P E P
d2
dy2
+ E P
2l2P
y2
)
U (y) = Rs
4lP
U (y), (30)
where Es = Mc2 is the ADM energy of the Schwarzschild BH, 
lP =
√
Gh¯
c3
and E P =
√
c5h¯
G are the Planck length and energy respec-
tively. Relation (30) is the same as the Schrödinger equation for 
a one-dimensional harmonic oscillator with mass m = MP =
√
h¯c
G
and frequency h¯ω =
√
3
2π E P . So, the quantized energy eigenvalues 
of the Schwarzschild BH are given by
Rs(n)
4lP
Es =
(
n + 1
2
)
E P . (31)
2 Indeed, there are various possibilities for ordering. Since the factor-ordering pa-
rameter will not affect the semiclassical calculations in minisuperspace models, one 
usually chooses a special value for it in a given model.
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to the Planck mass as
M2(n) = (2n + 1)M2P , (32)
in agreement with the Bekenstein proposal in the BHs thermody-
namics [19]. We use these results in our forthcoming arguments.
4.2. Hawking temperature and entropy
In this section we discuss the Feynman path integral method to 
study thermodynamics of the Schwarzschild BH. In this method, 
one deals with a semiclassical partition function instead of the 
quantum one, and all of the quantum effects can be summarized 
in a modiﬁed potential [30]. By the path integral method applied 
to the harmonic oscillator, its potential energy and classical parti-
tion function will change as follows [31]
U (x) = 3E P
4π l2P
(
x2 + βl
2
P E P
12
)
, (33)
and
Z =
√
2π
3
exp[−β2E2P16π ]
βE P
. (34)
One can obtain all the thermodynamical quantities of the Schwarz-
schild BH through the partition function (34). The internal energy 
of the BH can be obtained by the standard deﬁnition as
E¯ = −∂ ln[Z ]
∂β
= Mc2, (35)
where we have set explicitly E¯ = Mc2. We note that in the canon-
ical ensemble the temperature is an external parameter. Substi-
tuting the partition function (34) into the relation (35), gives the 
relation between the temperature and the mass of the BH
β2 − 8πMc
2
E2P
β + 8π
E2P
= 0. (36)
Solving the above equation for β , we arrive at the following ex-
pression for the BH temperature in terms of its mass
β = βH
(
1− 1
βHMc2
)
, (37)
where βH = 8πMc2E2P is the inverse of the Hawking temperature and 
we have used the fact that E P 	 Mc2. The entropy of the BH can 
be obtained from the partition function by the deﬁnition
S
k
= ln[Z ] − β ∂ ln[Z ]
∂β
. (38)
Considering the partition function (34) in this relation and substi-
tuting the Hawking temperature, the entropy of the BH becomes
S
k
= As
4l2P
(
1− 1
8π
(
E P
Mc2
)2)2
− 1
2
ln
[
As
4l2P
(
1− 1
8π
(
E P
Mc2
)2)2]
− 1
2
ln[24] + 1, (39)
where As = 4π R2s is the horizon area of the BH. Deﬁning the 
area of the BH in terms of the horizon area as ABH = As
(
1 −
1
8π
( EP
Mc2
)2)2
, the above relation can be rewritten in the following 
form
S
k
= ABH
4l2
− 1
2
ln
[
ABH
4l2
]
+O
[(
MP
M
)2]
. (40)P PAs it is clear, the well-known logarithmic correction to the entropy 
appears naturally in this method. This kind of correction term also 
appears in the other approaches such as string theory [32], canon-
ical QG [33], LQG [34], GUP and non-commutative frameworks 
[35–41].
5. Hawking temperature and entropy in the polymer framework
In the previous section we applied the Feynman path integral 
method to the semiclassical partition function in order to con-
sider the quantum effects in the thermodynamics of the Schwarz-
schild BH. On the other hand, we obtained the modiﬁed semiclas-
sical polymeric partition function for a one-dimensional harmonic 
oscillator. So, one can implement the partition function (22) to 
study the thermodynamics of the Schwarzschild BH as a harmonic 
oscillator as we have reviewed in the previous section. It is also 
important to note that our results are applicable only to Planck 
scale BH, since the result (22) coincides with quantum ones in the 
high temperature limit.
One can include the LQG effects in the path integral approach 
by replacing the partition function (34) with the polymeric ones 
(22) as
Z (poly) =
√
2π
3
exp[−β2E2P16π ]
βE P
(
1+ μ
2MP
8β
+ ...
)
, (41)
where we have substituted m = MP for Schwarzschild BH when 
we used the relation (22). Therefore, relation (41) shows the par-
tition function of the quantum Schwarzschild BH in the polymer 
framework and we may investigate the thermodynamics of the 
BH using this relation. As usual, the deﬁnition (35) gives the re-
lation between temperature and mass of the Schwarzschild BH in 
polymer framework. Substituting the polymeric partition function 
(41) into the relation (35), we obtain the following expression for 
the BH temperature in the limit of μ → 0,
β3 − βHβ2 + βH
Mc2
β = −μ
2βHMP
8Mc2
, (42)
which upon solving this equation we ﬁnd
β = βH
(
1− (1+ μ
2MP/8)
βHMc2
+O
[
E2P
Mc2
])
. (43)
It is easy to see that in the limit of μ → 0, the above solution 
reduces to the non-deformed case (37). The next step is to calcu-
late the entropy of the BH from partition function (41) through the 
deﬁnition (38), which yields
S(poly)
k
= β
2E2P
16π
− 1
2
ln
[
β2E2P
16π
]
+ ln
[
1+ μ
2MP
8β
]
+
(
1+ 8β
μ2MP
)−1
− 1
2
ln[24] + 1. (44)
Substituting from the relation (43) into this relation we ﬁnd
S(poly)
k
= As
4l2P
(
1− (1+ μ
2MP /8)
8π
(
E P
Mc2
)2)2
− 1
2
ln
[
As
4l2P
(
1− (1+ μ
2MP /8)
8π
(
E P
Mc2
)2)2]
+ μ
2E3P
32πMc4
(
1− (1+ μ
2MP /8)
8π
(
E P
Mc2
)2)−1
− 1 ln[24] + 1. (45)
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as
A(poly)BH = As
(
1− (1+ μ
2MP /8)
8π
(
E P
Mc2
)2)2
, (46)
and notifying that 
A(poly)BH
As
< 1, we obtain the entropy of the quan-
tum Schwarzschild BH in polymer picture as
S(poly)
k
= A
(poly)
BH
4l2P
− 1
2
ln
[
A(poly)BH
4l2P
]
+ Mc2
(
1− A
(poly)
BH
As
)
+O[A(poly)BH −1]. (47)
The above results are obtained in the high temperature limit since 
our semiclassical consideration coincides with the full quantum 
approach in this limit. As an important consequence, the semi-
classical, high-temperature result (47) is applicable only for Planck 
scale BHs such as the quantized Schwarzschild BH that we studied 
previously in this paper. We see that the relation (47) is compati-
ble with calculation of entropy in other approaches such as GUP 
and non-commutative geometry frameworks. Specially, the exis-
tence of logarithmic correction term is a common feature in all 
these approaches (see [32–41]). The sign of this correction is also 
compatible with previous studies.
6. Conclusions
The polymer representation of quantum mechanics is an effec-
tive model which has been investigated in a symmetric sector of 
LQG. In this paper, we have developed statistical mechanics in the 
polymer framework. The energy eigenvalues of microstates in sta-
tistical mechanics are usually given by the Schrödinger equation in 
the standard Schrödinger representation of the quantum mechan-
ics. However, solving the corresponding eigenvalue problem in the 
polymer representation it is not an easy task due to the nonlin-
ear form of the Hamiltonian operator in this picture. Therefore, we 
introduce a semiclassical method in which one does not need to 
solve the eigenvalue problem, instead one works with the Hamil-
tonian function and the density of states in the classical phase 
space. Moreover, we have deﬁned a particular transformation in 
the polymeric phase space which transforms the polymeric non-
linear Hamiltonian to the standard forms and consequently all the 
polymeric effects summarized in the density of states when one 
working with these new phase space variables. Implementing this 
method, we obtain the polymeric partition function and we have 
shown that our results coincide with full quantum mechanical 
ones in the limit of high temperature. Finally, we studied thermo-
dynamics of quantum Schwarzschild BH in the polymer framework 
by using of the Feynman path integral approach in the semiclas-
sical regime. We found the corrections to the Hawking temper-
ature and entropy due to the LQG effects. These corrections are 
compatible with results obtained through other approaches such 
as generalized uncertainty principle or non-commutative geometry 
considerations.
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